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2cal evolution of the brane world.
The cosmological constant problem remains a central
issue to be solved in theoretical physics [16]. Brane cos-
mology provides new approaches that might help in the
solution of this long-standing problem [17]. One of the
proposals recently put forward is a self-tuning mechanism
which tunes the four-dimensional cosmological constant
to zero, independently of the value of the cosmological
constant in the bulk [18, 19, 20, 21]. In this paper we
propose rather a new realization of this self-tuning prop-
erty in which vacuum energy on the brane cancels despite
the \bare" four-dimensional cosmological constant being
non-zero. This is due to a non-trivial counterbalance be-
tween the non-vanishing \bare" cosmological term and
the matter induced on the brane.
The paper is outlined as follows. In the next Section
we will briey describe the dynamics of dilaton brane
cosmologies. After this, in Section 3, we present a solu-
tion generating technique to build ve-dimensional scalar
cosmologies with exponential potential starting with a
vacuum solution in ve dimensions. Section 4 will be
devoted to the study of brane cosmologies embedded in
the class of ve-dimensional metrics obtained here, and
how for these particular embeddings there is a self-tuning
mechanisms at work, the four-dimensional geometry be-
ing independent of the vacuum energy on the brane and
the value of the scalar eld potential. In Section 5 we
illustrate our discussion with some physically interesting
examples, and in Section 6 we summarize our results.
II. BRANE DYNAMICS
In the spirit of the brane world picture, we assume that
the four-dimensional universe is described by a domain
wall (M; g) located at some hypersurface Y (x
A
) = 0 in
the ve-dimensional bulk space-time (M;G). The only
matter in the bulk will be a massless scalar eld with an




























































In the following we will use capital Latin indices for the ve
dimensional coordinates, whereas the coordinates on the brane
world will be denoted by Greek indices. To avoid the use of
superindices to indicate the dimension, tensors in ve dimensions
will be indicated by capital caligraphic letters and their four-
dimensional counterparts will be denoted by the corresponding
roman types.
Here () is a -dependent vacuum energy (i.e. tension)
on the brane, K

is the extrinsic curvature on either
side of the brane and L
matter
is the Lagrangian of the
matter degrees of freedom conned to the brane world




, b 2 R (cf. [22]).
In the following we use units in which 
5
= 1. The
induced metric on the brane is the projection of the ve-
dimensional metric onto the brane-world. If we denote
by n
A
the unit space-like vector normal to the brane, the










Because of the embedding there will be two sources of
curvature for the four-dimensional universe. One will
be the intrinsic curvature induced by the ambient space-
time and it will be given by the projection of the ve-
dimensional Riemann tensor onto the brane. The second
one is due to the embedding itself and it is governed













Gauss-Codazzi equations [23] we can write the Einstein





























































where we have denoted by K  K


the trace of the
second fundamental form, E

is written in terms of the



















and the ve-dimensional energy-momentum tensor in the























It is important to point out that the right-hand side of
eq. e can be evaluated on any side of the brane, the Ein-
stein tensor on the brane being uniquely dened. In the
Z
2
-symmetric case to be studied below both the extrin-
sic curvature and the derivatives of the dilaton eld on
the two sides of the brane dier just by a sign, so every
term in the right hand side of e is well dened on the
brane. If the reection symmetry is relaxed, on the other
hand, the uniqueness of the Einstein tensor is ensured in
a nontrivial way [27].























] Æ(Y ) (4)
3where 

is the energy momentum tensor of the matter




, and the prime de-
notes dierentiation with respect to . Upon projection

































] Æ(Y ) (5)
with D

















Lie derivative in the direction n
A
.
As usual, we will take coordinates (; x

) in such a
way that the braneworld lies on the hypersurface dened
by  = 0. For later convenience we will consider that the














where the \shift" function N (x; ) depends on all ve-































The discontinuity of the derivatives of the metric across
the brane due to the energy-momentum localized on the
hypersurface Y (x
A
) = 0 is given by the Israel junction
conditions [24, 28]. They relate the jump in the rst
derivative of the metric at  = 0 with the total energy-









































In a similar fashion we can nd the jump in the derivative
of the scalar eld by integrating (4) across  = 0, namely
[@








The Einstein equations in four dimensions can be now


































































As we discussed above, the only discontinuities on the
right-hand side of (9) are contained in the extrinsic cur-
vature K

, the derivative of the dilaton eld \normal"
to the brane @

 and, eventually, the potential. These
terms have to be evaluated at any side of the brane, the
sum of them being independent of the side chosen. All
other terms, involving the scalar eld and their \tangent"
derivatives are continuous and can be evaluated individ-
ually without ambiguity on the hypersurface  = 0.
If we assume that our brane world is at the xed point
of a Z
2







and the Israel junction condition (6)
completely determines the extrinsic curvature in terms of





can be read o eq. (8). Substitution into (9)

















































and the four-dimensional cosmological
constant and the tensor 



























































Looking at the Einstein equations on the brane, eq.
(10), we nd that in general the dynamics of the four-
dimensional universe is not uniquely determined by the
distribution of energy inside the universe as encoded in


[11, 22], as it is the case with \ordinary" Einstein
equations. Indeed, the only ingredient on the right-hand
side of (10) which cannot be related with the matter con-
tent of the four-dimensional universe (i.e. either four-
dimensional matter or the scalar eld ) is the tensor
E

which is determined by the ve-dimensional Weyl
tensor. In order to study the inuence of the ve-
dimensional geometry on the cosmological evolution of
the brane world via E

it is necessary to consider not
only the four-dimensional metric on the brane but also
the higher dimensional ambient geometry. Thus, to ad-
dress this problem, we will proceed to construct explic-
itly ve-dimensional solutions to the Einstein equations
in which our brane worlds will be embedded.
III. SCALAR FIELD COSMOLOGIES IN FIVE
DIMENSIONS WITH AN EXPONENTIAL
POTENTIAL
Since we will be interested in studying the eects of
the bulk on the four-dimensional brane world our start-
ing point will be the ve-dimensional geometry in which
4the brane is embedded. In particular, we want to con-
sider solutions to the equations of motion derived from
the bulk terms in eq. (1), i.e. geometries coupled to a
massless scalar eld with a Liouville potential.
Such cosmologies can be constructed using a higher di-
mensional generalization of the theorem presented in ref.
[29]. Related models were studied by Lidsey [30] in the
context of heterotic M-theory; some particular examples
of constant curvature dilatonic branes were also discussed
in [31]. Let us consider a vacuum solution to the Einstein

















where  = 1 depending on whether  is a spatial di-
rection or the time coordinate and the metric functions
Q(x) and h


























































solve Einstein equations coupled to a massless scalar eld






















































 2 if k
2
= 3 : (15)
Finally,  xes the scale of the cosmological constant .
Though some algebra is involved, the result can be
easily proven following the same steps as in the four-
dimensional case [29], we therefore leave this to the
reader. Using the theorem we can construct ve-
dimensional dilaton gravity solutions with a cosmological
constant (negative when k
2
< 12). At a glance, there are
several interesting values of k for which the metric (13)
admits dierent physical interpretations. The rst one
is k
2
= 12 when the potential for the scalar eld van-
ishes. The second, and more interesting one, is k = 0
at which the coupling between the dilaton eld and the
cosmological constant is zero and we are left with a neg-
ative cosmological constant  =  6
2
. In this case the















which solve the Einstein equations with a negative cos-
mological constant and a massless scalar eld (x) =
p
6Q(x). Taking  = 1 and  as the bulk coordinate,
we are provided with generalizations of the Randall-
Sundrum model with a generic four-dimensional metric
and a massless scalar eld. If k
2
= 18 and  = 1 we





heterotic string at strong coupling compactied
on a three-fold Calabi-Yau, with the scalar eld  rep-
resenting the breathing mode of the internal manifold
[30, 32].
Whenever  = 1 it can be easily realized that the vac-
uum ve-dimensional metric (12) can be thought of as
the \oxidation" of a four-dimensionalmassless scalar eld





for example [33]). Therefore in order to get (12) one can
start with any four-dimensional solution to the Einstein-
scalar equations. If k = 0 the previous results tell us
that any four-dimensional metric coupled to a massless
scalar eld can be embedded into a ve-dimensional bulk
space-time with negative cosmological constant by the
ansatz (16) with  = 1. Finally, in the case Q(x) = 0 the
Einstein vacuum equations for (12) imply that h

has





we recover the family of metrics











d and a rescaling of the dilaton eld.
On the other hand, taking h

to be the Schwarzschild
metric in four-dimensions we can construct embeddings





































which, for k = 0, corresponds to the AdS black string
considered by Chamblin, Hawking and Reall [34]. When
k 6= 0 the four-dimensional black hole is embedded into a
ve-dimensional bulk space-time with a nontrivial prole
for the dilaton eld, which on the other hand is constant
on the brane.
IV. BRANE COSMOLOGIES WITH IDLE
VACUUM ENERGY
In the previous Section we have constructed a generic
procedure to obtain ve-dimensional cosmologies coupled
to a scalar eld with an exponential potential (or a nega-
tive cosmological constant). The nal aim is to use these
solutions as bulk geometries of four-dimensional brane
worlds. As we have reviewed in Section 2, given the solu-
tion in the bulk, the matter/energy content of the brane
world is strongly constrained by the junction conditions
for both the metric and the scalar eld.
Among the dierent possibilities to embed a four-
dimensional brane world in the ve-dimensional solution
(13) the simplest ones correspond to take the codimen-
5sion of the brane along one of the four space-like coordi-
nates.
Let us consider the solutions (13) and (14) with  = 1
so that the brane world lies on the hypersurface dened
by the equation  = 0. This choice leads naturally to
warped geometries that generalize the Randall-Sundrum
construction to include a scalar eld with a Liouville po-
tential.
We begin by assuming Z
2
-symmetry around the loca-
tion of the brane at  = 0. In this case we are led to the




































given by eq. (15). The dilaton, on the other
hand, is given by
























In principle, for generic k 6= 0, the metric (17) can have
a curvature singularity located at  = 1 (cf. [18, 35]),
in addition to the possible singularities of the metric h

.
Depending on the value of k and on the particular solu-
tion considered this singularity can be harmless provided
it is located at an innite proper distance from the brane
location. It can be easily seen that this is the case when-
ever k
2
 3. However, in this case the four-dimensional
Planck scale obtained by integrating out the coordinate 
in the ve-dimensional action (1) diverges. On the other
hand, when k
2
< 3 the singularity is located at nite
proper distance from the brane but the four-dimensional
Planck scale is nite as well. Whenever needed, a sec-
ond brane can be located at 
0
> 0, imposing reec-
tion symmetry around this point, so the bulk coordinate
is restricted to the interval [0; 
0
] and the singularity is
screened.
Since we have completely determined the bulk geom-
etry and assumed reection symmetry around  = 0,
the junction conditions (6) will determine the energy-
momentum tensor of the matter elds on the brane. Im-
posing the matching condition on the scalar eld (8) at




































where we have used the fact that in our case the shift
function N (x; ) can be written in terms of the scalar
eld as





Moreover, using (19) and the expression of the extrin-















, we can write a dif-
ferential equation for (')

0

































This equation can be solved to get the functional depen-


































is an integration constant. We can now plug
(22) into eqs. (7) and (6) to obtain the form of the
energy-momentum tensor 














Therefore the matter content of the brane described by
L
matter
has as its eective equation of state p =  
0
.
Notice that the form of the energy-momentum tensor is
independent of the value of k and therefore valid for all
brane models constructed using the solution generating
technique of Section 3, and that the constant energy den-
sity and the equation of state do not depend on the value
of the dilaton coupling b. We now evaluate the tensor 
















With these expressions for the tensors appearing on
the right-hand side of (10) we can study the source of



















so the \eective" energy-momentum tensor in (10) only
























An interesting thing to notice about the cancellation
(24) is that the four-dimensional cosmological constant,
as dened by eq. (11), is dierent from zero. Only when

0
= 0 and Q(x) = 0 the four-dimensional cosmological
constant 
4
vanishes exactly independently of the value
of the cosmological constant in the bulk. A particular





k = 0 and 
2
=  6. In the generic case, however, 
4
is canceled by the matter contributions encoded in the
6energy-momentum tensor and the dilaton-induced terms
on the right-hand side of (10). This counterbalance of the
four-dimensional vacuum energy by matter cosmological
terms is imposed by the junction conditions representing
a dierent realization of the self-tuning mechanism of [18,
19].
Note however, that in the case at hand we are not mak-
ing any a priori assumption on the form of the energy-
momentum tensor on the brane 

. Israel junction con-
dition, together with the jump condition for the dilaton
across  = 0, force it to be of vacuum type, the net cos-
mological term (24) being zero independently of the value
of 
0
, b and .
For the ve-dimensional metrics of the form (17) we
can evaluate the tensor E

in terms of the curvature


















































Using this expression the eective energy-momentum
tensor driving the four-dimensional geometry can be
written solely in terms of the four-dimensional projection























































The rst important thing to notice is that when k = 0
we recover an ordinary four-dimensional scalar cosmology
with '(x) =
p
6Q(x). Actually, by looking at the origi-
nal ansatz for the vacuum ve-dimensional metric in eq.
(12) we realize that this is exactly the four-dimensional
geometry whose \oxidation" produces (12). This is yet
another way to see our previous conclusion, that any four-
dimensional cosmology coupled to a massless scalar eld
can be trivially embedded into a ve-dimensional cosmol-
ogy with negative cosmological constant by the ansatz
(16). In this case E

has a purely \geometrical" origin,
being determined just by the four-dimensional curvature,
as can be seen from (25).
If k 6= 0 things get more involved, however, since now
the eective energy-momentum tensor in (26) cannot be
interpreted as that of a minimally coupled massless scalar
eld. The nontrivial cosmological dynamics in the -
coordinate translates into Brans-Dicke-like terms in the
energy-momentum tensor (cf. [36]). It is interesting to
notice that in the large-jkj limit even if the dilaton '(x)
is switched o, there is a residual contribution coming
from the last two terms in (26). Since '(x)  1=jkj for
large jkj the weakness of the scalar eld is compensated
by the extra powers of k in (26) so a source for the grav-
itational eld is left in that limit, given by the terms
in the \eective" energy-momentum tensor with explicit
k-dependence.
As it turns out the four-dimensional cosmologies can
be conformally related to the equations of low energy
string cosmology. In order to see this note that the vac-




where the covariant derivative is dened with respect
to the metric h











































































































so we arrive to the usual equations for dilaton gravity in



























An important stage in the evolution of the early uni-
verse is ination. As shown above the solutions on the
brane can be conformally related to low energy string
cosmology in the string frame. With one further con-
formal transformation they, of course, can be related to
the usual Einstein frame in which the metric is just h

and the physics is described by Einstein relativity cou-





frame standard ination does not take place. However, in
the string frame there is the possibility of implementing
ination in the framework of the pre-big-bang scenario
[37]. In particular, if the four-dimensional metric has a
space-like Killing vector, scale factor duality along that
direction will be a symmetry of the equations (28).
It is interesting to note that from the point of view of
a ve-dimensional observer there are inating solutions
on the brane. Using the form of the energy momentum
tensor in 5 dimensions the strong energy condition reads,

































A. Bianchi I brane cosmologies
As an illustrating example we can construct Bianchi
I brane cosmologies generalizing the analysis of [14] to
nonzero proles for a scalar eld with a nontrivial poten-
tial. We start with a vacuum Kasner-like line element
in ve dimensions and apply the algorithm described to
nd, after a suitable redenition of the constants, the fol-
lowing solution (we will consider that k
2
6= 3. The case
k
2
















































where the constants 
i

























We notice that for k = 0 the usual condition for a Kas-
ner metric coupled to a massless scalar eld are retrieved.
As we saw in the general analysis of Section 4, for van-
ishing k the four-dimensional eective energy-momentum
tensor is that of a massless scalar eld. When k 6= 0 the
usual Kasner conditions get modied. Looking at the
scaling of powers of k in (29) we see that the rst condi-
tion gets modied by the linear terms in the dilaton eld
in (26) whereas the modication of the second condition
comes from the quadratic ones. In the Horava-Witten
case the conditions on the Kasner exponents reduce to
the ones found in [38].
Looking at the constraints (29) it can be easily seen
that there is no volume ination for any value of the
parameter k and , since the average scale factor scales
as t
n




The case when jkj ! 1 is of some interest. In this
limit, regularity of the ve-dimensional metric requires
that k  constant so the homogeneous part of the scalar
eld vanishes. The result is a Bianchi I metric in four


















with jCj  1 a numerical constant. In this case the
(traceless) eective energy-momentum tensor is that of















Another physically interesting example are Friedmann-
Robertson-Walker (FRW) cosmologies. These can be eas-
ily constructed by considering the ve-dimensional vac-
































where  = 0;1. Taking  as the bulk coordinate and
applying the algorithm of Section 3 we get, after chang-
























































































































log tan   = 1
In the at ( = 0) case we recover the solution dis-
cussed in [35]. There is no ination for any value of
k, since the exponent of the scale factor in (30) is al-
ways positive. It is interesting to notice, however, that
when k !  1 we recover a radiation-dominated uni-
verse. Looking at the eective energy-momentum tensor
on the brane, eq. (26), we see that this corresponds to
the dynamics of the universe being dominated by E

.
The opposite limit k ! 1 gives Minkowski space-time
as a result.
For the non-at FRW models we nd again that in-
ation does not occur for any value of k. In the case
of the negatively curved model ( =  1) the universe
approaches a radiation dominated regime at late times
( ! 1) in which the dilaton eld is frozen, indepen-
dently of k. As in the at case, the limit k !  1 re-
trieves a radiation dominated open FRW model. When
8k!1, on the other hand, we get a regular vacuumFRW
model with scale factor a() = cosh . The conclusions
are similar in the case of the models with  = 1: no value
of k renders an inationary universe.
We will not present further explicit examples, but just
mention again that the ansatz (12) is quite generic. One
may start directly with any vacuum ve-dimensional so-
lution and put it into (12) form, or rather start with
a four-dimensional dilaton solution lifting it to a ve-
dimensional vacuum geometry. Thus, for example, the
solutions of [13] and their generalizations may be eas-
ily obtained by using the dilatonic plane wave solutions
given in [39].
VI. CONCLUSIONS AND OUTLOOK
Brane cosmology is special, as compared to standard
Einstein gravity, in that the four-dimensional world is
not dynamically self-contained, in the sense that the mat-
ter/energy content of the universe encoded in the energy-
momentum tensor does not determine the gravitational
eld. The \missing" part on the right-hand side of the
Einstein equations comes from gravitational eects in the
bulk which are not sourced by four-dimensional matter.
It is important to notice, however, that the term contain-
ing the tidal bulk eects is the only one not suppressed
by powers of the ve-dimensional Newton's constant.
Here we have studied the physical and cosmological
relevance of bulk eects by looking at ve-dimensional
cosmologies coupled to a Liouville scalar eld and embed-
ding the brane world into them. One of the remarkable
properties of the class of brane cosmologies under study is
that there is a natural self-tuning of the vacuum energy
on the brane. This insensitivity of the brane solutions
to the value of the brane tension happens because the
\bare" cosmological constant on the brane is dynamically
counterbalanced by the brane matter, which the junction
conditions force to be of vacuum energy type. So, the dy-
namics of the four-dimensional universe is driven just by
the dilaton eld and the non-local bulk eects contained
in the tensor E

.
The ve-dimensional bulk cosmologies we constructed
using the theorem stated in Section 3 generalize, and
include, those studied previously in the literature, (see,
for example, [13, 18, 30, 31, 35, 40]). In addition,
the brane cosmologies obtained by warped embeddings
extend and complement the self-tuning mechanism of
[18, 20] to generic non Ricci-at branes. Incidentally, the
technique proposed can be also used to construct static
ve-dimensional solutions which on the brane reduce to
four-dimensional black holes.
The authors of [41, 42] have argued that the self-tuning
mechanism proposed in [18] is actually a ne tuning in
disguise due to the presence of the singularity in the bulk.
For the brane worlds studied in this paper, however, we
nd that whenever k
2
< 3 the four-dimensional eec-
tive theory is well dened, in the sense that the four-
dimensional Planck scale is nite and the consistency
condition of ref. [42] is satised without adding extra































. Actually eq. (31) is automatically
enforced by Israel junction conditions and the matching
condition for the dilaton, which in turn determine both
the energy-momentum tensor on the brane and ('). If
k
2
 3 the divergence in the four-dimensional Planck
scale can be cut o, provided a second \hidden" vac-
uum brane is located at some 
0
> 0. The coordinate





reection symmetry around the location of the sec-





=  (), where () is given by eq. (22)
with 
0
= 0. This value of the vacuum energy for the
second brane implies again that the model satises the
consistency condition of [42] for any value of k.
In order to illustrate the physics of the family of brane
worlds considered, we have analyzed a number of explicit
examples of physical relevance. For Bianchi-I and all the
FRW models we nd that the time-dependence of the
scale factor(s) is only controlled by the constant k mea-
suring the slope of the potential of the scalar eld in the
bulk. The result is that no ination occurs on the brane
for any value of k, whereas there is a region in parameter
space for which ination takes place in the bulk. The
dierence between the behavior on the brane and in the
bulk is mainly due to dierence in the character of the ve-
locity of the uid ow as derived from the scalar eld on
the brane and in the bulk. While the ve-velocity in the
bulk is not orthogonal to the hypersurfaces of constant
time its projection onto the brane is.
In the analysis presented here we have assumed that
the brane world is trapped at an orbifold point and it
does not move in the bulk. It can be easily seen that
this is a consistent assumption for the self-tuning brane
cosmologies studied in Section 4. Once Z
2
symmetry is
relaxed in general the brane will move and the problem
of the dynamical stability of the brane world arises. A
specially interesting way to relax reection symmetry in
our case is to consider bulk space-times in which  takes
dierent values at the two sides of the brane. If we re-
gard the dilaton potential as arising from some kind of
phase transition, the brane world plays the role of a (in-
nitely thin) domain wall separating two regions of space
with dierent values for the cosmological constant, in the
spirit of the scenarios discussed in [43]. In this case the
possible motion of the brane in the bulk will aect the
gravitational dynamics on the brane world [44, 45]. A
detailed study of these non-symmetric brane worlds and
their stability will be presented elsewhere.
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